Let G be a semisimple Lie group with discrete series. We use maps K 0 (C * r G) → C defined by orbital integrals to recover group theoretic information about G, including information contained in K-theory classes not associated to the discrete series. An important tool is a fixed point formula for equivariant indices obtained by the authors in an earlier paper. Applications include a tool to distinguish classes in K 0 (C * r G), the (known) injectivity of Dirac induction, versions of Selberg's principle in K-theory and for matrix coefficients of the discrete series, a Tannaka-type duality, and a way to extract characters of representations from K-theory. Finally, we obtain a continuity property near the identity element of G of families of maps K 0 (C * r G) → C, parametrised by semisimple elements of G, defined by stable orbital integrals. This implies a continuity property for L-packets of discrete series characters, which in turn can be used to deduce a (well-known) expression for formal degrees of discrete series representations from Harish-Chandra's character formula.
Introduction
Let G be a real semismple Lie group. Its reduced C * -algebra C * r G is the closure in B(L 2 (G)) of the algebra of convolution operators by functions in L 1 (G). It represents the tempered dual of G as a 'noncommutative space' in the sense of noncommutative geometry, and encodes all tempered representations of G. Its K-theory K * (C * r G) is a natural invariant to consider. This K-theory is described explicitly in terms of equivariant indices of Dirac operators on G/K, for a maximal compact subgroup K < G, in the Connes-Kasparov conjecture. This was proved in various cases by Penington and Plymen [35] , Wassermann [42] , Lafforgue [32] and finally in general by Chabert, Echterhoff and Nest [13] .
Despite this explicit knowledge about the structure of K * (C * r G), it remains a challenge to extract explicit representation theoretic information from this K-theory group. There has been a good amount of success in this direction for classes in K * (C * r G) corresponding to discrete series representations, for groups having such representations. For example, Lafforgue [31] used K-theory to recover Harish-Chandra's criterion rank(G) = rank(K) for the existence of discrete series representations.
The von Neumann trace τ e on C * r G, defined by τ e (f ) = f (e) for f in a dense subalgebra, induces a map on K 0 (C * r G). On classes corresponding to the discrete series, this gives the formal degrees of such representations. But this trace maps all other classes to zero (see Proposition 7.3 in [15] ). It has recently become clear that a natural generalisation of the von Neumann trace involving orbital integrals can be used to extract much more information from K 0 (C * r G). For a semisimple element g ∈ G, the orbital integral τ g (f ) of a function f on G is the integral of f over the conjugacy class of g. This integral converges for f in Harish-Chandra's Schwartz algebra, which has the same K-theory as C * r G. That leads to maps
If D is an elliptic operator on a Z 2 -graded vector bundle over a manifold M , G-equivariant for a proper, cocompact action by G on M , then one has the equivariant index index G (D) ∈ K 0 (C * r G). In [25] , the authors proved a fixed point formula for the numbers τ g (index G (D)).
(1.2)
They showed that Harish-Chandra's character formula for the discrete series is a special case of this fixed point formula, much as Weyl's character formula is a special case of the Atiyah-Segal-Singer [8] or Atiyah-Bott [5] fixed point formulas, as proved in [6] . Also, Shelstad's character identities for L-packets of representations follows from a K-theoretic argument involving τ g , in the case of discrete series representations [27] . For discrete groups, orbital integrals (now sums over conjugacy classes) are also useful tools in K-theory. The main result in [40] is a fixed point theorem for (1.2) in the discrete group case, which has consequences to orbifold geometry, positive scalar curvature metrics, and trace formulas. Gong [17] and Samurkaş [36] used such maps on the K-theory of maximal group C * -algebras to deduce information about rigidity of manifolds. And Xie and Yu have an article in preparation about an APS-type index theorem involving τ g .
For semisimple Lie groups G, the results in [25, 27, 32] mentioned above show that classes in K 0 (C * r G) corresponding to the discrete series contain a great deal of information about those representations. But it was long unclear what (representation theoretic) information can be recovered from other classes. That question was important motivation for this paper. As a concrete example, it was not known what information the generator of K 0 (C * r SL(2, R)) corresponding to the limits of discrete series (or to the non-spherical principal series) contains.
In the present paper, we investigate further properties and applications of the maps (1.1) for semisimple Lie groups, many of them related to the fixed point formula for (1.2) . This starts with an explicit expression for τ g applied to K-theory generators defined via Dirac induction (Theorem 3.1). That result shows that τ g is the zero map on K-theory if rank(G) = rank(K), but it has interesting consequences if rank(G) = rank(K). These include
• a way to use the maps τ g to distinguish elements of K 0 (C * r G) (Corollary 4.1);
• an embedding of K 0 (C * r G) into the spaces of distributions on G reg or G (Corollary 4.2);
• an induction formula from K-equivariant indices to G-equivariant ones (Corollary 4.6);
• versions of Selberg's vanishing principle for classes in K 0 (C * r G) (Corollary 4.7) and matrix coefficients of the discrete series (Corollary 4.8);
• a Tannaka-type duality result (Corollary 4.9);
• a result relating the value of τ g on K-theory generators to characters of representations (Corollary 5.3).
Furthermore, Dirac induction is known to be injective (indeed, bijective), but we recover this injectivity independently as well. In the last bullet point above, Corollary 5.3 explicitly states that τ g maps a K-theory class to the value at g of the character of one of the irreducible direct summands of the representation it corresponds to naturally. The values at g of these characters are equal up to a sign, and they add up to zero if that representation is reducible. So the value at g of one of these characters is the most relevant information one could have expected to obtain by applying τ g . This, to a large extent, answers the question if and what representation theoretic information is contained in classes in K 0 (C * r G) if rank(G) = rank(K), even those not corresponding to the discrete series. In particular, the generator of K 0 (C * r SL(2, R)) corresponding to the limits of discrete series determines the characters of these representations on K.
For a fixed element x ∈ K 0 (C * r G), we will see that τ g (x) does not depend continuously on g, for example at the identity element e. Theorem 6.2 states that a modified version of τ g , related to L-packets of representations in the Langlands program, has better continuity properties at e. That implies continuity of certain finite sums of discrete series characters (Corollary 6.3). And that can be used to take the limit as g → e in Harish-Chandra's character formula for the discrete series to obtain expressions for formal degrees of discrete series representations.
We hope that the various applications of orbital integrals to K-theory of group C * -algebras in this paper help to demonstrate the relevance of orbital integrals as a tool to study such K-theory groups. In future work, we hope to generalise the results and their applications in this paper to more general groups.
Preliminaries
Throughout this paper, let G be a connected semisimple Lie group with finite centre. Let K < G be a maximal compact subgroup. For any Lie group, we will denote its Lie algebra by the corresponding gothic letter. Fix a K-invariant inner product on g, and let p ⊂ g be the orthogonal complement to k. Then g = k ⊕ p.
Dirac induction
The map Ad : K → SO(p) lifts to Ad : K → Spin(p), for a double cover K of K. Let ∆ p be the standard representation of Spin(p), viewed as a representation of K via Ad. LetK Spin be the set of irreducible representations V of K such that ∆ p ⊗ V descends to a representation of K. Let R Spin (K) be the free abelian group generated byK Spin .
Let V ∈K Spin . Then we have the G-equivariant vector bundle
) be the infinitesimal left regular representation. Consider the Dirac operator
If G/K has a G-invariant Spin-structure (which is the case precisely if ∆ p descends to K), then D V is the Spin-Dirac operator on G/K coupled to the bundle G × K V → G/K, see Proposition 1.1 in [34] . In any case, D V is a G-equivariant elliptic differential operator, and has an index
Here C * r G is the reduced group C * -algebra of G, and index G is the analytic assembly map [10] . If dim(G/K) is even, then ∆ p , and hence E V , has a natural Z 2 -grading with respect to which
there is no such grading, and index
Dirac induction is the map
given by D-Ind
, with V as above. By the Connes-Kasparov conjecture, proved in [13, 32, 42] , this map is an isomorphism of abelian groups.
From now on, we suppose that G/K is even-dimensional, since the Ktheory group K 0 (C * r G) we study is zero otherwise.
Orbital integrals and a fixed point formula
Let g ∈ G be a semisimple element. Let Z G (g) < G be its centraliser. Let d(hZ G (g)) be the left invariant measure on G/Z G (g) determined by a Haar measure dg on G. The orbital integral with respect to g of a measurable function f on G is
if the integral converges. Harish-Chandra proved that the integral converges for f in the Harish-Chandra Schwartz algebra C(G), see Theorem 6 in [19] .
The subalgebra C(G) ⊂ C * r G is dense and closed under holomorphic functional calculus (see Theorem 2.3 in [25] ). Hence we obtain a map
Note that τ e is the usual von Neumann trace.
Let M be a Riemannian manifold with a proper, isometric, cocompact action by G. Let E → M be a G-equivariant, Hermitian, Z 2 -graded vector bundle. Let D be an odd, self-adjoint, G-equivariant, elliptic differential operator on E. Then we have
In [25] , the authors proved a fixed-point formula for the number τ g (index G (D)), for almost all g ∈ G. Consequences include Harish-Chandra's character formula for the discrete series (Theorem 16 in [19] ; see Corollary 2.6 in [25] ) and Shelstad's character identities in the case of discrete series representations ( [37] ; see Theorem 2.5 in [27] ). In this paper, we explore further consequences.
To state the fixed point formula in [25] , let N → M g be the normal bundle to the fixed point set M g of g in M . Let σ D be the principal symbol of D. Let c g ∈ C c (M g ) be nonnegative, and such that for all m ∈ M g ,
for a fixed Haar measure dh on Z G (g) compatible with dg and d(hZ
Theorem 2.1. If G/K is even-dimensional, then for almost all semisimple g ∈ G, we have τ g (index G (D)) = 0 if g is not contained in any compact subgroup of G, and
if it is.
Here ch :
Chern characters, and Todd denotes the Todd class.
Remark 2.2. Explicitly, Theorem 2.1 holds for the semisimple g ∈ G with finite Gaussian orbital integral (FGOI), see Definition 7 in [25] . That condition means that the integral
converges, where d is the G-invariant Riemannian distance on G. It was shown in Proposition 4.2 in [25] that almost every element of G has FGOI. In this paper, whenever a result is stated for almost all g, what is meant is that it holds for semisimple elements with FGOI, and possibly also with dense powers in a maximal torus.
3 A fixed point formula on G/K Let T < K be a maximal torus. Let T < K be its inverse image in K. Fix a set R + c of positive roots of (k C , t C ). Let ρ c be half the sum of the elements of R + c . Let V ∈K Spin . Let λ ∈ it * be its highest weight with respect to R + c . For any finite-dimensional (actual or virtual) representation W of K or K, we denote its character by χ W . For any function ϕ on K that descends to a function on K, we will use the same notation ϕ for both the function on K and K. E.g., we have χ ∆p χ V ∈ C ∞ (K).
In the case where T is a Cartan subgroup of G, i.e. rank(G) = rank(K), fix a set of positive noncompact roots R + n of (g C , t C ) such that the character χ ∆p of the graded representation ∆ p ofK satisfies
Such a choice of positive noncompact roots can always be made, see for example pages 17 and 18 of [7] , Remark 2.2 in [34] and (5.1) in [9] . In the equal-rank case, we write R + := R + c ∪ R + n . We will denote half the sums of the elements of R + and R + n by ρ and ρ n , respectively. Let W K := N K (T )/T be the Weyl group of (K, T ).
(In particular, the right hand sides are well-defined.)
Let a ⊂ p be an abelian subspace such that Z g (t) = t ⊕ a. Let c ∈ C c (a) be a function whose integral over a is 1. Let σ D V be the principal symbol of D V .
Proof. Let g ∈ T be such that its powers are dense in T , and with FGOI (see Remark 2.2). By Proposition 4.2 in [25] , almost all elements of T have these two properties.
We have G/K ∼ = p as K-spaces, hence in particular as T -spaces. Hence
Set A := exp(a); this is the centraliser of g in exp(p). We have p = a ⊕ p/a as representations of T . So the normal bundle in
Hence the claim follows from Theorem 2.1.
. Let β a ∈ K 0 (a) be the Bott generator. (Note that a is even-dimensional since G/K is.) Let π : T a → a be the tangent bundle projection, and π| supp(c) : supp(c) × a → supp(c) its restriction. Note that
as graded representations of T . These descend to T after tensoring with V .
Lemma 3.3. Under the isomorphism
given by
for all Y ∈ supp(c).
We have
Let X, Y ∈ a, so that, using the above identification, we get
Since Y ∈ a, the map (3.2) equals the odd endomorphism
Together with the above form of the class π| * supp(c) β a , this implies the claim.
Proof. The set of positive noncompact roots R + n determines a complex structure on p such that p 1,0 is the sum of the positive noncompact root systems. As graded representations of T , we have
The element ρ n ∈ it * is integral for T , and ∆ p ⊗ C ρn descends to a representation of T . We have
as graded representations of T ; see for example the proof of Lemma 5.5 in [25] . Since ∆ *
The nontrivial element of the kernel of the covering map K → K acts on ∆ p as ±1; therefore ∆ p ⊗ ∆ p descends to a representation of T .
Lemma 3.5. Let c be a nonnegative, compactly supported, continuous function on R 2n with integral 1. Let β ∈ K 0 (R 2n ) be the Bott class, and π| supp(c) : supp(c) × R 2n → supp(c) where π : T R 2n → R 2n the natural projection. Then
Proof. By Proposition 6.11 in [41] , the integral (3.3) equals the L 2 -index of the Spin-Dirac operator on R 2n . That index is zero because the L 2 -kernel of this Dirac operator is zero. Indeed, the Spin-Dirac operator on R 2n only has continuous spectrum, see for example Theorem 7.2.1 in [16] .
Proof of Theorem 3.1. Lemma 3.3 implies that
in the graded sense. So by Lemma 3.2,
If rank(G) = rank(K), then a is nonzero, and the claim follows from Lemma 3.5. If rank(G) = rank(K), then Lemma 3.4 implies that
in particular, the right hand side is well-defined. The claim now follows from Weyl's character formula and (3.1). (Note that ( K, T ) and (K, T ) have the same Weyl group W K , since they have the same root system.) [41] . That index is zero if the kernel of D V is zero. Theorem 3.1 shows that, in the equal-rank case, the more general trace τ g yields nonzero information even in cases where the kernel of D V is zero (see also Section 5.2).
Consequences
Suppose from now on that rank(G) = rank(K).
Distinguishing K-theory classes
As a consequence of Theorem 3.1, the traces τ g 'separate points' on K 0 (C * r G), or distinguish all elements of K 0 (C * r G), in the following sense.
. By surjectivity of Dirac induction, we can write
for m V ∈ Z, finitely many nonzero. By Theorem 3.1, we have for almost all
So if τ g (x) = 0 for all g in a dense subset of T , then by continuity and conjugation invariance of the characters χ V , we find that
So m V = 0 for all V , i.e. x = 0.
K-theory and distributions
Let G reg ⊂ G be the subset of regular elements.
Corollary 4.2. The map
, is a well-defined, injective group homomorphism.
Proof. Let x ∈ K 0 (C * r G). By surjectivity of Dirac induction, we can write
, for some y ∈ R Spin (K). Theorem 3.1 implies that the function g → τ g (x) equals an analytic function almost everywhere on the set of elliptic elements of G. Theorem 2.1 implies that this function equals zero almost everywhere on the set of non-elliptic elements of G
Remark 4.4. We will describe the map τ in Corollary 4.2 explicitly in terms of characters of representations in Section 5. There we will see that τ (x) equals the character of a tempered representation of G almost everywhere on the set of regular elliptic elements, and zero almost everywhere outside the set of elliptic elements. Therefore, it extends to a distribution on all of G by Harish-Chandra's regularity theorem.
Injectivity of Dirac induction
We have used the surjectivity of Dirac induction in the proof of Corollary 4.1 (which is justified because the Connes-Kasparov conjecture has been proved). Theorem 3.1 implies injectivity of Dirac induction. 
An induction formula
Let M be an even-dimensional Riemannian manifold with a G-equivariant 
See Theorem 5.2 in [25] and Proposition 4.7 in [22] . Theorem 3.1 and surjectivity of Dirac induction imply that the following diagram commutes for all g in the dense subset of T in Theorem 3.1:
Here ev g denotes evaluation of characters of representations at g; note that the bottom arrow is well-defined. The equality (4.1) and commutativity of (4.2) imply the following formula for induction from slices. Corollary 4.6. We have, for almost all g ∈ T ,
Note that the right hand side can be computed via the Atiyah-SegalSinger fixed point formula [8] .
Induction formulas like Corollary 4.6 we used in various settings to deduce results about G-equivariant indices from results about K-equivariant indices [18, 22, 23, 24, 25] . The case g = e is not covered by Corollary 4.6; that case is Corollary 53 in [18] .
Selberg's principle
The Selberg principle is a vanishing result for orbital integrals of certain convolution idempotents on G. See [12, 28, 29] for approaches to this principle in the spirit of noncommutative geometry. Theorem 2.1 implies a version of this principle.
Corollary 4.7 (K-theoretic Selberg principle).
For almost all g not contained in compact subgroups of G, the map
Proof. Theorem 2.1 implies that for almost all g not contained in compact subgroups of G, and all V ∈ R Spin (K), we have
So surjectivity of Dirac induction implies the claim. Corollary 4.7 has a purely representation theoretic consequence. Proof. Let d π be the formal degree of π. By rescaling, we may assume that v has norm 1. Then d πmv,v is an idempotent in C * r G. Let [π] ∈ K 0 (C * r G) be its K-theory class. Since v is K-finite, the function m v,v lies in HarishChandra's Schwartz algebra C(G). Therefore, for all semisimple g ∈ G,
By Corollary 4.7, the number is zero for almost all g not contained in compact subgroups. The claim therefore follows by continuity of m v,v .
A Tannaka-type duality
We now suppose that the representation ∆ p of K descends to K. This is true of we replace G by a double cover if necessary. Then Dirac induction is defined on R(K). The K-theory group K 0 (C * r G) and its elements contain nontrivial information about G and its representations, see e.g. [25, 27, 32] . But just the isomorphism class of K 0 (C * r G) as an abelian group contains no information about G whatsoever: this group is always free, with countably infinitely many generators. It turns out, however, that the combination of the isomorphism class of K 0 (C * r G), the topological space T and the maps τ g : K 0 (C * r G) → C, for g ∈ T , together determine the Cartan motion group K ⋉ p and vice versa. The tempered representation theory of K ⋉ p is closely related to that of G; this is the Mackey analogy [3, 20, 21, 33, 38, 43] . Also, the analytic assembly map for G can be defined in terms of a continuous deformation from K ⋉ p to G, see pp. 23-24 of [10] and [20] . This is vaguely analogous to the fact that the irrational rotation algebras A λ , for irrational λ in [0, 1/2], have the same K-theory Z ⊕ Z, but are determined up to isomorphism by the pair (K 0 (A λ ), τ ) where τ is a natural trace. This is because the image of τ is Z + λZ.
Corollary 4.9. The
• abelian group K 0 (C * r G) up to isomorphism;
• pointed topological space (T, {e}) up to homeomorphism; and
• family of group homomorphisms τ g : K 0 (C * r G) → C, for g ∈ T together determine the Cartan motion group K ⋉ p, and vice versa.
Proof.
and let e j be a generator of the jth copy of Z. Consider the function χ j : T → R given by χ j (g) = τ g (e j ). By Theorem 3.1, there is a function ψ ∈ C ∞ (T ), not unique but independent of j, and there are uniquely determined integers d j such that for all j,
where at least one of the integers d j equals 1. (Indeed, take ψ = χ ∆p | T and d j plus or minus the dimensions of the irreducible representations of K.) By replacing e j by −e j where necessary, we can make sure that all integers d j are positive.
Fix j 0 ∈ Z such that d j 0 = 1. Then, again by Theorem 3.1,
And χ ∆p = −χ ∆p , so χ ∆p is imaginary-valued. Hence
We cannot resolve the sign ambiguity with the data we have, but we will not need to. The characters of irreducible representations V j of K are now determined by
with the sign chosen such that ±i|χ j 0 | −1 χ j > 0 near the identity element. This determines the representations V j of K, and their tensor products and the underlying vector spaces. By Tannaka duality [39] , this determines K.
To recover p as a K-representation, set ψ := i|χ j 0 | −1 . Then
This implies that for all X, Y ∈ t,
The term on the right hand side corresponding to α equals the same term with α replaced by −α. But otherwise this expression determines the weights α up to signs. In this way, we recover the set R n of t-weights of p ⊗ C as a complex representation of T . And hence p as a real representation of T , and therefore as a representation of K. This determines K ⋉ p. Conversely, the Cartan motion group K ⋉ p determines its maximal compact subgroup K and the quotient p = (K ⋉ p)/K as a representation of K. And K determines the pair (T, {e}) up to conjugacy. The K-theory group K 0 (C * r G) is isomorphic to R(K) via Dirac induction. Furthermore, K and p determine the characters χ V , for V ∈K and χ ∆p , and the dimension dim(G/K) = dim(p). Hence, by Theorem 3.1, this determines the maps
Remark 4.10. In Corollary 4.9, T may be replaced by a dense subset. Also, one only needs the neighbourhoods of the identity element, not all of its topology. And as stated in the corollary, one does not need the group structure of T .
Remark 4.11. If G = K is compact, then the triple (K 0 (C * r G), (T, {e}), (τ g ) g∈T ) determines the ring R(G) of characters of G. That in turn determines the tensor products of representations of G, and forgetful maps to finitedimensional complex vector spaces. So in this case, Corollary 4.9 reduces to Tannaka duality for compact groups [39] (which was used in the proof of Corollary 4.9).
Remark 4.12. If the representation ∆ p of K does not descend to K, then we only recover the ring R Spin (K) in the proof of Corollary 4.9 and cannot directly apply Tannaka duality.
Characters
Again, we suppose that the representation ∆ p of K descends to K. We may need to replace G by a double cover for this assumption to hold. This assumption is now not essential; see Remark 5.4.
Characters and τ g
The structure of the C * -algebra C * r G and its K-theory was described by Wassermann [42] and Clare, Crisp and Higson [14] . We can use this to relate values of τ g on K-theory classes to values of characters of representations.
Let P = M AN < G be a cuspidal parabolic and σ in the setM ds of discrete series representations of M . Consider the bundle of Hilbert spaces E P,σ →Â whose fibre at ν ∈Â is Ind 
) via Knapp-Stein intertwiners; see Theorem 6.1 in [14] . Let K(Ind G P (σ)) Wσ be the fixed point algebra of this action. Then
Wσ where the sum runs over a set of cuspidal parabolics P = M AN and σ ∈ M ds . This is Theorem 6.8 in [14] . See also Theorem 8 in [42] . Now let P and σ be such that
is nonzero, hence infinite cyclic. (This is equivalent to the condition that W σ equals the R-group R σ , see Lemma 10 in [42] .) Let b(P, σ) ∈ K 0 (C * r G) be the generator of this summand of K 0 (C * r G) in the image under Dirac induction of the Z ≥1 -span ofK inside R(K).
Let η ∈ it * M be the Harish-Chandra parameter of σ, andη ∈ it * its extension by zero on the orthogonal complement of t M in t. For any positive root systemR + of (g C , t C ) for whichη is dominant, let π G (η,R + ) be the corresponding (limit of) discrete series representation of G. We need the following version of Schmid's character identities. This is Lemma 12 in [42] in the equal rank case, but with information included about the infinitesimal characters of the limits of discrete series representations that occur. 
Proof. This is a special case of Theorem 13.3 in [30] for the maximal parabolic G in the equal-rank group G.
As before, let ρ c be half the sum of the compact positive roots. By Lemma 15(i) in [42] , the elementη − ρ c is dominant for K. It is integral because ∆ p descends to K; this implies that ρ n and henceη − ρ + ρ n is integral.
See the last page of [42] . This uses Proposition 5.1.
Proposition 5.1 and Harish-Chandra's character formula for (limits of) discrete series representations imply that the character of the representation Ind G P (σ ⊗ 1 A ⊗ 1 N ) naturally associated to the K-theory generator b(P, σ) is zero on T , if this representation is reducible. (See Subsection 5.2 for an example.) Therefore, it is a useful property of the map τ g that it maps b(P, σ) to the possibly nonzero value of an irreducible summand of that representation.
Corollary 5.3. For almost all g ∈ T , τ g (b(P, σ)) equals the value at g of the character of one of the irreducible summands of Ind G P (σ ⊗ 1 A ⊗ 1 N ) . The values at g of the characters of these summands at g are all equal up to a sign.
Proof. Proposition 5.2 and Theorem 3.1 imply that
By Harish-Chandra's character formula (extended coherently to the limits of discrete series), the right hand side is the value at g of the character of π G (η, R + ). That formula also shows that on T , the character of π G (η, R + ) equals the character of π G (η, R + j ) modulo a sign, for j = 1, . . . , 2 dim(A) . Hence the claim follows from Proposition 5.1. b(P, σ) ) to characters of the corresponding representations of a double cover of G.
Example: non-spherical principal series and limits of discrete series of SL(2, R)
Consider the case where G = SL(2, R), K = T = SO(2), and P = M AN < SL(2, R) is the minimal parabolic of upper triangular matrices, where M = {±I}. ThenM ds = {σ + , σ − }, where σ + is the trivial representation of M in C and σ − is the nontrivial one. Now we have Morita equivalences
See Example 6.11 in [14] . So the pair (P, σ + ) does not contribute to K 0 (C * r (SL(2, R))), whereas (P, σ − ) contributes a summand Z, generated by
Let α ∈ it * be the root mapping 0 −1 1 0 to 2i. Set R + := {α}. Let
where ϕ ∈ R \ 2πQ. Theorem 3.1 now yields
This is the value at g of the character of the limit of discrete series representation π G (0, R + ), and minus the value at g of the character of the limit of discrete series representation π G (0, −R + ). The direct sum of these two representations is the non-spherical principal series representation Ind
The character of that representation is zero at g. Some authors, including the authors of this paper, have wondered if the K-theory generator b(P, σ − ) can be detected by suitable maps out of K 0 (C * r (SL(2, R))), and if representation theoretic information can be recovered from it. This example shows that the answer to both questions is yes.
Stable orbital integrals and continuity at the group identity
This section is independent of the rest of this paper. In particular, it does not depend on Theorem 3.1. It follows from Theorem 3.1 that, for a fixed x ∈ K 0 (C * r G), the function
on the set of semisimple elements g of G, is not continuous if G is noncompact. In particular, it is not continuous at the identity element. Theorem 3.1 does imply that this function is continuous almost everywhere. Already in the compact case, it is a nontrivial question if the right hand side of the fixed point formula (2.1) depends continuously on g, for example as g → e (as pointed out in Section 8.1 in [11] ). It turns out that a version of τ g involving stable orbital integrals has better continuity properties near the identity element. (This comes at the cost of mapping more elements to zero, however. See Section 5.2, where the stable orbital integral of the class in K 0 (C * r SL(2 R)) associated to the limits of discrete series is shown to be zero.)
Continuity at e
Let G C be a complex semisimple Lie group, and G < G C a real form of G C . Let g be a semisimple element of G.
the intersection of the conjugacy class (g) G C of g in G C with G. For every f in the Harish-Chandra Schwartz algebra C(G), the stable orbital integral of f with respect to g is
where the sum is over representatives g ′ of G-conjugacy classes in (g) s , i.e., (g) s = ⊔ g ′ (g ′ ).
Stable conjugacy classes are relevant to the notion of an L-packet of representations and Shelstad's character identities. See [37] .
has better continuity properties in g than τ g . Let S ⊂ G be the set of elements g for which Theorem 2.1 holds, see Remark 2.2. Then G \ S has measure zero, so in particular S is dense.
(Note that τ e = τ s e .) Let K < G be maximal compact. If rank(G) = rank(K), then Theorem 6.2 follows from Theorem 3.1(b) and the fact that τ e is identically zero on K 0 (C * r G). So assume from now on that rank(G) = rank(K). Theorem 6.2 implies a continuity property of characters of L-packets of discrete series reresentations.
As before, let T < K be a maximal torus, and set W K := N K (T )/T . Let W G be the Weyl group of the root system of (g C , t C ). Fix representatives w ∈ W G of all classes [w] ∈ W G /W K . For any discrete series representation with Harish-Chandra parameter λ, we denote its global character by Θ λ . This corollary will be proved after we prove Theorem 6.2. As a consequence, one can take the limit as g → e in Harish-Chandra's character formula to obtain an expression for d π ; see e.g. page 25 of [7] . See also Proposition 50 in [18] .
A K-theoretic character identity
Let G c be a compact inner form of G, which exists because rank(G) = rank(K). Inner forms are defined for example in Chapter 2 of [2] , but the only properties we need are that G c is a real form of G C , and T identifies with a Cartan subgroup of G c . So pairs (G, T ) and (G c , T ) have the same root system. The positive root system R + determines a G-invariant complex structure on G c /T . For any integral ν ∈ it * , consider the holomorphic line bundles
be the Dolbeault operators on G/T and G c /T , respectively, coupled to these line bundles.
In [27] , the authors prove a K-theoretic analogue of Shelstad's character identities [37] , and deduce Shelstad's character identity in the case of the discrete series.
Theorem 6.4. For all integral ν ∈ it * and all g ∈ S,
Proof. This is (3.6) in [27] . There, ν is regular but that property is not used in the proof of the above equality.
Dolbeault operators
We will use some properties of the Dolbeault-Dirac operators in Theorem 6.4 to deduce Theorem 6.2. First of all, every element of K 0 (C * r G) is the index of a Dolbeault-Dirac operator on G/T . Indeed, let V ∈K Spin , and let λ ∈ it * be its highest weight with respect to the positive compact roots chosen earlier. Then λ − ρ n is a weight of ∆ p ⊗ V , so it is integral for T . Consider the holomorphic, Gequivariant line bundle
Proposition 6.5. We have
Proof. This is proved in Section 5 of [26] in the case where λ + ρ c is regular for G, but that assumption is not necessary for the arguments.
Lemma 6.6. We have for all w ∈ W G and all g ∈ S,
Proof. In the case of Dolbeault operators twisted by holmorphic vector bundles, and finite fixed point sets, the fixed point formula in Theorem 2.1 simplifies considerably, see Corollary 6.3 in [26] . For any h ∈ T with dense powers, and any integral ν ∈ it * , this yields
as complex representations of T , where we use the complex structure on G/T defined by R + . So )).
Lemma 6.7. We have for all integral ν ∈ it * ,
Proof. By Connes-Moscovici's L 2 -index formula, Theorem 5.2 in [15] , we have
for the same sign ε ∈ {±1}. Here ch : R(T ) → H * (g, T, R) is the relative Chern character, and the characteristic classesÂ in H * (g, T, R) are defined in Section 4 of [15] . The right hand side of the first line only depends on the representations C g/t ⊗ C ν and g/t of T , and similarly for the right hand side of the second line. Since g/t and g c /t both equal the sum of the positive root spaces as complex representations of T , we find that the two expressions are equal.
Proofs of Theorem 6.2 and Corollary 6.3
To finish the proof of Theorem 6.2, we need a final lemma. Proof. In Section 27 (p.194) of [4] , it is pointed out that two elements g, g ′ ∈ T reg are conjugate if and only if g = w K g ′ w −1 K for some w K ∈ W K , and stably conjugate if and only if g = w G g ′ w −1 G for some w G ∈ W G . Proof of Theorem 6.2. By surjectivity of Dirac induction and Proposition 6.5, every x ∈ K 0 (C * r G) is represented by the equivariant index
for an integral element ν ∈ it * . Let g ∈ S. By Theorem 6.4 and Lemmas 6.6 and 6.8, we have
Since G c is compact, this expression is continuous in g. And by Lemma 6.7,
Proof of Corollary 6.3. For w ∈ W G , let [π wλ ] ∈ K 0 (C * r G) be the class defined by the discrete series representation with Harish-Chandra parameter wλ. By Propositions 5.1 and 5.2 in [25] , we have for all g ∈ T reg ,
)).
Lemmas 6.6 and 6.8 imply that the right hand side equals
As g → e through the set S in Theorem 6.2, that result implies that the limit of the above expression is
The claim now follows from continuity of characters on the regular set.
